Abstract: We present a series of new gauge invariant quantities in Witten's open string field theory. They are defined for a given set of open string states which satisfy the physical state condition around a classical solution. For known classical solutions, we show that these gauge invariant quantities compute on-shell tree-level scattering amplitudes around the correspondent D-brane configuration. 
Introduction
Feynman's formulation of quantum field theory immensely simplified the perturbative calculation of physical quantities. His diagramatic method appeared in the late 1940s, and exerted its power on the central problems of the time. While the interests of the community have partially shifted to non-perturbative aspects, Feynman's methods are still a fundamental tool in quantum field theory.
In general, a string field theory is formulated so that Feynman's method works appropriately. It is thus by definition a proper way of doing the perturbative calculation; however, it would be natural to imagine that there exists an alternative way peculiar to the string field theory, as the degrees of freedom are now replaced by strings whose trajectory is a two dimensional surface.
If such an alternative method was developed, it would provide a new paradigm in perturbative calculations. It might (1) provide us a new interpretation of perturbative calculation alternative to Feynman diagrams, (2) give us a new way to decompose the moduli space of the Riemann surfaces and (3) enable calculations around other backgrounds or D-brane configurations apart from the one we used to define the theory.
We have a prototypical example in mind: Ellwood's interpretation of the gauge invariant observable in open cubic string field theory [1] . The wellknown relation given in [2] can be viewed as a formula to calculate the on-shell closed string tadpole amplitude around a new D-brane configuration, which is represented by the classical solution (see the end of Section 2.3 for more details). Following Ellwood's work, we would like to construct a gauge invariant quantity corresponding to the on-shell tree-level amplitude. Our strategy is quite simple:
1. Take some natural objects of the theory.
2. Find a combination of these natural objects which is invariant under (a) the gauge transformation of the classical solution.
(b) the linearized gauge transformations of the external states, which implies decoupling of the null states.
In the first quantized string theory, decoupling of the null states is essential to obtain a correct expression for scattering amplitudes [3] . Also, in covariant string field theory, space-time gauge invariance is an important guideline to achieve the modular invariance of the amplitudes [4, 5] . It is therefore quite natural to look for a formula for on-shell amplitudes by postulating these fundamental requirements.
In addition, we will use a tachyon vacuum solution as a basic building block of our formula. We also use an extra physical input, namely triviality of the cohomology around the tachyon vacuum solution. In this sense, the present work was possible thanks to the recent development of analytic methods.
In the next section, we will explain our conventions as well as some basic materials. We then introduce a definition of the new gauge invariant quantities in Sections 3 and 4 and also show properties of these quantities including the gauge invariance and decoupling of the null states. In Section 5 we will show that they match the on-shell amplitude using known solutions.
The present paper is, in some aspects, a lead-up to possible subsequent works, for there are many important topics left untouched. In Section 6 we will describe and further elaborate them to conclude this work.
Summary of basic materials
In this section, we will provide a brief explanation of the open string field theory for a wider range of readers, while it will not be a self-contained review. We cite a lecture note [6] as an accessible reference covering the subjects of Sections 2.1 and 2.2. For full description on the subjects of Section 2.3, see reviews [7, 8, 9] or references [10, 11, 12, 13 ].
Algebraic structure
In this paper, we consider an open bosonic string field theory with the Chern-Simons type action, which was first written down by Witten [1] :
Here Φ is an open string field, which is an element of some graded vector space H. We assume H is equipped with an associative product * (a star product) and a differential Q, and (H, * , Q) is a differential graded algebra. This means, the grading is additive with * , and Q is a derivation of the star product with degree one, which satisfies Q 2 = 0. The Witten integral is a linear map from H to C. In addittion, we also postulate
and the cyclic property of the 2-vertex
where |Φ| denotes the degree of Φ. With these relations, the action S[Φ] is invariant under the gauge transformation
where U and U −1 are elements of H at degree zero. As we see, the structure of this theory resembles that of the Chern-Simons theory, except for the fact there exist elements with negative degrees in H.
The equation of motion derived from (1) is
In the following, we will exclusively use the letter Ψ with an optional suffix to denote a classical solution to the equation of motion. We can expand the action (1) around Ψ as follows:
where Q Ψ is a nilsquare operator given by
and e(Ψ) is energy of Ψ, which is a number.
Note that the difference of two classical solutions (Ψ 2 − Ψ 1 ) ≡ Ψ 21 satisfies the equation of motion around the classical solution Ψ 1 :
To this point, we have only focused on the algebraic framework of the theory.
In the next subsection, we will see that this algebraic framework can be realized as a field theory of open strings. 
Realization of the theory using BCFT
Remember that the dynamical variable of quantum field theory is a field, which is a function of the position of corresponding particle. Similarly, we regard an open string field Φ as a function of configurations of an open string. Witten proposed that we can construct a theory satisfying the above algebraic structure with open string fields (in the above sense) under a concrete interpretation of * and (see (b), (c), (d) in Figure 1 ). 1
For our purpose, it is convenient to rephrase above idea in terms of boundary CFT (BCFT) following LeClair, Peskin and Preitshopf (LPP) [14, 15] . 2 1 We use the right handed convention for the star product: ψ1 * ψ2 means that the right half of ψ1 is glued to the left half of ψ2. In this convention it will be easier to relate algebraic expressions with world-sheet pictures, while it is different from the traditional convention which is widely used in the literatures including Witten [1] , Schnabl [10] or Erler and Maccaferri [16] .
2 To be rigorous, the algebraic framework which is derived from LPP's method is slightly different from that stated in Section 2.1. It is different in that the star product and the Witten integral are defined only implicitly, and the existence of the identity string field is not assumed. There is still controversy as to whether to include the identity string field This BCFT consists of c = 26 matter theory and c = −26 bc-ghost system, which results from the BRST quantization of open string [17] . The vector space H is then identified with the state space of the BCFT, 3 Q is the BRST operator, and the degree corresponds to the ghost number of the BCFT. 4 Each term of the action (1) as well as algebraic operations including * and can all be expressed in terms of BCFT. One such realization will be given in the next subsection.
Note that the dynamical variable Φ, which is an argument of S[Φ], should satisfy the reality condition so that the action and the physical quantities to be real. This is something that must be explained in a proper review of the open string field theory, while we shall not describe it further here. See [6] for details.
Of course, we need to choose a boundary condition when we prepare the state space H. In the following, we will refer to this boundary condition by the term the original D-brane. If it is necessary to specify this boundary condition, the state space will be denoted as H (b.c.) . An important working hypothesis is that the theory expanded around a classical solution (6) describes an open string theory with another consistent boundary condition, in other words, on another D-brane configuration. This expectation naturally stems from an analogy with usual local field theory. A trivial solution Ψ = 0, which is often referred to as the perturbative vacuum solution, describes the original D-brane.
In addition, (surprisingly, or some people would say it is natural, but in any case) there is a classical solution representing the system without Dbrane [18] . We call such a solution a tachyon vacuum solution and denote it by Ψ T . In particular, the difference between a classical solution and the tachyon vacuum solution Ψ ≡ (Ψ − Ψ T ) satisfies
in H. 3 Indeed, we often consider an infinite sum of elements of state space of BCFT, HBCFT, which is considered to be out of HBCFT. A generally accepted definition of H is currently lacking. 4 In other words, we consider the world sheet ghost number, although the spacetime ghost number and the total ghost number are needed in the perturbative calculations in string field theory. In the rest of this paper, the term ghost number will be used solely when referring to the world-sheet ghost number.
where Q T ≡ Q Ψ T is the BRST operator around the tachyon vacuum solution. The theory expanded around Ψ T is expected to have no physical excitation of open strings, which means that Q T -cohomology at ghost number one is empty.
In practice, several types of tachyon vacuum solutions have been obtained in both numerical or analytic ways so far. It is natural to assume that they are all gauge equivalent to each others, though it has not been proved. In this paper, we will use the symbol Ψ T to represent any of them, for the sake of simplicity.
Note that 1 will be abused to represent both 1 ∈ C and the identity element of the star product 1 ∈ H, which is often called the identity string field. We will also use the notation |id to represent the identity string field when we wish to emphasize that it is a state of BCFT.
Tools for analytic study
Definition of our new gauge invariant quantities will not need any special tools, and algebraic relations presented in Section 2.1 will suffice. 5 To calculate these quantities explicitly, however, some analytic tools obtained in the recent study of classical solutions will be useful. Such tools include a convenient coordinate system, the surface state and the wedge state [13, 10, 12] and useful building blocks of classical solutions called K, B and c [11] .
By the standard state-operator correspondence, we see a local operator φ(ξ) placed at the origin of the upper half plane (UHP) defines an open string state φ state ∈ H on the unit semicircle. This state φ state can be written as
where |0 b.c. denotes the conformal vacuum of the BCFT with the boundary condition specified by the subscript (b.c.). Following Schnabl [10] , it is convenient to map this local coordinate to that on C 2 , which we call the sliver coordinate, by (see Figure 2 (a))
5 To be rigorous, some additional data from BCFT will be necessary to prove the gauge invariance of these quantities completely. Furthermore, this BCFT data seems to determine whether our formula trivially vanishes. See Sections 4.2, 4.4 and 5.5.
where C L is the semi-infinite cylinder 6 of circumference L defined by the following identification of the upper half plane,
We will henceforth take a local coordinate z on
Now, all the quantities appearing in the action can be defined with correlation functions on C n :
where f
In addition, (13) satisfies the axiom of indefinite inner product (called the BPZ inner product), and (14) gives definition of the star product implicitly.
It might be useful to introduce an intuitive pictorial description of * and , though there is no space to give a full ground for it. With the theory of surface states in mind, the star product of states is described by an array of strip regions with operator insertions as Figure 2 Three basic building blocks K, B, c, which are used for construction of analytic solutions, are defined by acting (a line integral of) local operators on the identity string field:
where we have used the doubling trick to define T (z) and b(z) for Im(z) < 0. They satisfy a series of relations which is often called the KBc algebra 
Note that the graded commutator [φ 1 , φ 2 ] is defined with the star product by φ 1 * φ 2 − (−) |φ 1 ||φ 2 | φ 2 * φ 1 . In this paper, we often omit the symbol * , especially when we work with K, B, c, as in the third equation of (16) . We also define O ∈ H corresponding to a general local boundary operator O(x) in a similar fashion as c,
Another basic tool we would like to introduce is the wedge state |r . For r ∈ N, it is simply given by
This definition can naturally be extended to a non-negative real number r. By using K, the wedge state can be characterized by the following differential equation
with the initial condition |r = 1 = |0 b.c. . It is thus natural to write
The wedge state is related to the correlation function on a semi-infinite cylinder by the following relation
with
Correlation functions on a semi-infinite cylinder
Here we exhibit a few formulas for basic correlation functions on C L . For the ghost part, we introduce
and
For the matter part, we will use the four point function of on-shell tachyon states with the Neumann boundary condition
where C is a normalization constant, and T j (z) represents the vertex operator of on-shell tachyon
Ellwood correspondence
Finally, we will briefly describe Ellwood's interpretation of the gauge invariant observable which we mentioned in Section 1. The gauge invariant observable referred to here is the following quantity, which is defined against a classical solution Ψ and an on-shell closed string vertex operator
which means that we insert V (z) at the midpoint of Ψ (z = i∞ in the sliver coordinate (11) ) and then perform the Witten integral. This quantity is often called the Ellwood invariant after his study [2] , while it was originally discovered by Hashimoto-Itzhaki [20] or other authors [21, 22] . Following [23] , it is convenient to rewrite it by using a reference tachyon vacuum
Ellwood conjectured that I E (Ψ) is equal to the tadpole amplitude of an onshell closed string on the D-brane configuration represented by the classical solution Ψ. For a partial proof of this conjecture, see Baba and Ishibashi [24] .
definition of this quantity to the general classical solutions and will discuss its invariance under the gauge transformation of the classical solution.
... around the perturbative vacuum
As we saw in (28) , it would be convenient for our purpose to introduce a tachyon vacuum solution Ψ T as a reference. The trivial solution Ψ = 0 can be written as
where the second term on the right hand side is a solution to (9) . This (−Ψ T ) is interpreted as the original D-brane, and it would be natural to use (−Ψ T ) to write down a physical quantity for the perturbative vacuum.
Another natural object defined around Ψ T would be a homotopy state satisfying
which is used to show that the cohomology of Q T is empty 8 . From these two objects, we define W by 9
This quantity is Q-closed: QW = 0.
As we will see in the later sections, W and A T will play a fundamental role in our construction of the gauge invariant quantity.
As an example, let us calculate W for a simplest case and see what it looks like. Consider the Erler-Schnabl solution [19] as the reference Ψ T :
We can take the following A T
and W is given by
As we see, A T and W are superposition of wedge states with a line integral of b-ghost for A T , and they look like a fragment of open string propagator or worldsheet, respectively. 10
Let us then try expressing an on-shell three-point amplitude of tachyons using W in (35) and T i ∈ H defined by (26) with (17):
where
This might seem like a trivial rephrasing of the known result; however, we would like to claim that the formula (39) has essential meaning. Indeed, the agreement with the scattering amplitude is true regardless of the choice of Ψ T .
10 For tachyon vacuum solutions of the form [11] 
with F = F (K), we can take
and W is then simply given by
Let us return to discussion with general Ψ T . Consider the following quantity, which is a generalization of (39),
where O j is a Q-closed state
This I 0 satisfies the following properties:
(a) I 0 is invariant under replacing the reference tachyon vacuum solution
(b) I 0 is independent of the choice of A T . In other words, it is invariant under the following transformation:
(c) I 0 is invariant under the linearized gauge transformation of O i
Proof Since both W and O j are Q-closed, I 0 does not change if we change W or O j by Q-exact terms. That verifies the invariance under (45) . Under the transformation (43), W changes as
Finally, under the transformation (44), W changes as
We therefore conclude that I 0 is invariant under (43) , (44) and (45) . Now, it is evident that I 0 gives on-shell three point amplitudes.
... around generic classical solutions
We next would like to define the similar quantity around an arbitrary classical solution Ψ. As before, the difference from the reference Ψ T is what is relevant for us
We then define W Ψ by
This W Ψ is Q Ψ -closed:
Now, we can define the gauge invariant quantity I Ψ using W Ψ as
where O i ∈ H satisfies the following conditions:
The equation (53) is considered as the physical state condition around the classical solution Ψ naturally (see [34, 35, 36] for general discussion). Throughout this paper, the term an external state refers to a state O i which satisfies (53) and (54) .
In the rest of this subsection, we will show various algebraic properties of I Ψ .
{1} I Ψ is invariant under replacing the reference tachyon vacuum solution
{2} I Ψ is invariant under gauge transformation of the classical solution
{3} I Ψ is independent of the choice of A T ; that is, I Ψ is invariant under the following transformation:
{4} I Ψ depends only on a Q Ψ -cohomology class of O j . In other words, I Ψ is invariant under the following transformation: 
Under the transformation (57), W Ψ changes as
Therefore, I Ψ is invariant under (55), (57) and (58). To prove the invariance under (56) , notice that the combination of (55) and (56) is a similarity transformation
which does not change I Ψ . We therefore conclude that I Ψ is also invariant under (56).
Gauge invariant quantity for N external states
In this section, we will give a definition of the gauge invariant quantity I In Section 4.1 we will define a quantity H Ψ , which is gauge invariant under some additional condition (64) on the external states. In Section 4.2 we present a definition of the boundary term K Ψ , and the sum I
Ψ = H Ψ + K Ψ will be gauge invariant without any additional condition. Section 4.3 will focus on the case of N ≥ 4.
Simple formula
In order to define four point gauge invariant quantities, we need to neutralize the extra ghost number coming from the external states. The following expression would be a natural guess for such a formula:
where σ runs over the permutations σ ∈ S 4 of the indices {1, 2, 3, 4}. This H Ψ is not gauge invariant as it is; however, when the external states {O i } satisfy the following orthogonality condition
H Ψ indeed defines a gauge invariant quantity.
In Section 5, we will calculate H Ψ corresponding to a four point amplitude of on-shell tachyon states. It will be shown that the condition (65) will be satisfied by imposing appropriate conditions on the external momentum.
Proof of invariance under the transformations (55) -(58)
Let us first prove invariance under replacement of the tachyon vacuum solution (55) . Under this transformation, A T and W Ψ transform as
with T [i 1 ...im]j defined by the following rule: consider an expression
We replace all the i 1 , . 
The term (contact terms) in (68) represents a set of terms in which a near collision of the two external states O i O j occurs inside the Witten integral. We can drop this part using the orthogonality condition (65).
The remaining part (which is sum of T [i 1 ...im]j 's) changes its sign under the cyclic permutation of the indices (1, 2, 3, 4) → (4, 1, 2, 3). This means the total H Ψ is invariant under (55).
Note that the invariance of H Ψ under the replacement of A T (57) also follows from the above discussion, because the change of A T and W Ψ under (57) take the same form as (66) and (67) . Since H Ψ is invariant under the similarity transformation (62), we can also conclude that H Ψ is invariant under the gauge transformation (55) . Proving the invariance under the transformation (58) is very similar to before except for to deal with A T .
Complete formula
It is possible to write down a manifestly gauge invariant formula for N = 4 without an artificial condition (65) . To do this, however, we need to introduce an apparently formal object, namely a state A Ψ which satisfies
By using A Ψ , we can define the gauge invariant quantity I
Ψ for four external states as I
Since the cohomology of Q Ψ is not empty in general, there is no A Ψ which satisfies (71) in any definite sense; however, this quantity A Ψ can be defined when it is placed at a proper place in a correlation function. In this sense, the formula (72) is defined as a calculable quantity. This might be compared to the process of defining a propagator as the inverse of a differential operator in quantum field theory.
The new term K Ψ , and also the contributions from it, will be referred to as the boundary term. The role of this term closely resembles the boundary term presented in a recent paper by Sen [37] , as we will see in Section 5.
Proof of the invariance of I
Ψ under a replacement of the reference Ψ T is the same as before, except for absence of the contact term. In the present case, no contact terms appear because they are canceled by the boundary term.
If we look closer, we would find a latent defect in this proof; that is, whether we can discard the surface term of the Witten integral Q Ψ (...) is not clear. This (...) part has some factors of A Ψ , which is not necessarily an element of H (typically, B K appears in (...)). Let us further study this point with a concrete example in Section 5.5, where we will see that this surface term vanishes in spite of this delicateness. The proof of gauge invariance of I (4) Ψ will also be completed there.
Extension to N point invariants
It is straightforward to generalize the formula (72) for N external states:
where C N is an overall combinatorial constant depending only on N .
Let us prove the invariance of I 
Note that we regarded Y as an infinitesimal and kept the terms up to the first order of it. From the Leibniz rule of Q Ψ , it follows that
where s(r, i; p, q) ∈ {−1, +1} is a sign factor defined by the following rule:
s(w, x; y, z) = s(x, w; y, z) = s(w, x; z, y),
s(w, x; y, z) = −s(w, y; x, z),
s(w, x; y, z) = −1 if max(w, x) < min(y, z).
Now, consider the partial sum
From (77) and (78), this sum can be expressed as a linear combination of T
Formal expression as a surface term
As we showed, most of our results can be obtained by using the formal algebraic rules stated in Section 2.1 only; however, it necessitates (analytic) tools of BCFT introduced in Section 2.3 to evaluate I (N )
Ψ . Without implementation by BCFT, it is also not possible to elucidate some subtle queries on our construction, as we will see in this subsection.
For a long period after finding (74), the authors were haunted by a suspicion that our gauge invariant quantity is simply zero. Indeed, it admits an expression as a formal surface term of the Witten integral
where R k,l is algebraically defined by the following product
with replacing k-th and l-th Z's by W Ψ , and all the other Z's by A = A T − A Ψ . Of course, we know that such a formal trivialization argument is not uncommon: as claimed in another seminal paper of Ellwood [33] , all the classical solutions can formally be written as the pure gauge form (see also Erler and Maccaferri [38] ).
In fact, it is not possible to construct R k,l as an element of H and then the gauge invariant quantity is not identically zero; however, we never know such a thing as far as thinking only with the algebra in Section 2.1.
The expression (83) looks more interesting if we compare it with the fact stated in Section 4.2. We will return to this problem again in Section 5.5 and give an explanation on the difference between them.
Formula
Before starting our discussion, let us introduce a convenient formula for the correlation function on a semi-infinite cylinder C L : for 0 ≤ a, b
where, the positions of boundary operators are given by −
with V j (z) the matter part of O j (z); (b.c.) represents some boundary condition we are thinking of; the relation between the variables u and x is given by u = F (x), 
In particular, if the boundary condition (b.c.) is the Neumann and O j (z) is an on-shell tachyon T j (z) given by (26) , the formula reduces to
with s, t, u the Mandelstam variables
which, in the present case, satisfy
it is declared that, with a modified construction of Σ andΣ, we can remove this restriction while keeping the form of the solution (101) and algebra (102) - (104) untouched.
Derivation of the formula (85)
Consider the integrand of the left hand side of (85)
It is convenient to reduce this expression with (24):
Let us map this from C L to UHP using the conformal mapping
to get the following expression 12
We then exert the following SL(2, R) transformation on (96)
to obtain
with F (x) given by (87).
12 It would be useful to notice that
The main term
Now, let us take the Erler-Maccaferri solution
where Ψ 
We here take Ψ T (and also Ψ (b.c.) T ) to be the Schnabl solution [10] (see also [39] )
The homotopy state A T for the Schnabl solution is [27]
From these materials, we can derive an simple expression for W Ψ :
The external states {O j }, which satisfy (53) and (54), are given as follows:
where O j is a Q-closed state given by (86). In this subsection, we also assume an additional condition on {O j },
which comes from the orthogonality condition (65) . Now, we can express H 1234 in (64) as follows:
Therefore, the main term of the gauge invariant quantity reproduces an expression for the four-point scattering amplitude of on-shell states in the first quantized theory.
In particular, when (b.c.) is Neumann and O j (z) = T j (z) with an additional condition k i ·k j > − 1 2α , which comes from the orthogonality condition (109), H Ψ is given by
Of course, by analytic continuation with respect to s and t, we can obtain the scattering amplitudes for general external momentum.
A couple of comments are in order here:
• In the original construction [16] , ΣΣ is supposed to be a number which is the ratio of g-function g * /g 0 ; but in the study of the theory around the classical solution [40] or in the modified construction [41, 42] , this product is a projector, (ΣΣ) 2 = ΣΣ.
Assuming this relation, we can prove that the elements of the cohomology of Q Ψ with the ghost number one can always be written in the form (108).
• From this calculation, we can clearly see a meaning of the orthogonality condition (65) ; the region of the external momentum satisfying (109) is given by
This is exactly the region where the integrals in (112) converges.
Contribution from the boundary term
This and the following subsection will focus on the case of (b.c.)= Neumann and O j = T j for simplicity, while the results can be generalized appropriately.
As stated above, the expression (112) diverges when the external momentums {k j } do not satisfy (114). In such a case, the contribution from the boundary term K Ψ cancels this divergence precisely. To see how this works, let us write the contribution of A T − A Ψ as:
It is important to notice that the integrand of the first term is given by acting d on the integrand 13 of the second term:
This relation should still hold after we put (115) inside the correlation function and make a change of integration variable from x to u. In other words, (110) receives the correction from the boundary term as follows:
Since we will send to zero at the end of this calculation, we can choose g 0 (u) as a function with finite terms
13 Here we regard the second term as a zero-dimensional integral of f0(x).
where C α are given by the Laurent coefficients of dg 0 (u) around u = 0, 14
This is nothing but the minimal subtraction of divergent terms of the main term and the result (112) is finally replaced by the well-known Veneziano amplitude with Euler's beta function.
As mentioned earlier, this treatment of the boundary term is almost completely parallel to Sen's discussion [37] . We therefore expect that several methods to evaluate the boundary term addressed in his paper will be useful in practical calculations.
Calculation for fat external states O fat j
Up to this point, we have considered somewhat special external states O j , given by (108) with (86), in order to satisfy the orthogonality condition (65) .
In the following, we will demonstrate that the formula (72) works well for a different type of external states which does not satisfy (65) .
As a most typical example, we consider the following fat external states
Again using the formula (85), the main term can be reduced as follows: first let us take a term H 1234 which can be expressed as 14 We can drop the constant term in g0(u) for the following reason: after summing over all the terms, the zero-dimensional integral of g0(u) is over the boundary of union of intervals, which is a closed zero-manifold. This zero-dimensional integral is then determined without ambiguity.
Note the symmetric relation of B ijkl ,
and we can write
Therefore, summing up over the permutation of indices, we obtain
where the summation on the right hand side is over the cyclic permutation (C.P.) of the indices. In this case, the domain of the integralation of H Ψ does not cover the entire moduli space.
The missing region of the moduli space comes out from the boundary term (73). To see this, notice that with g 0 (u) defined in (118) we can express the contribution from the boundary term as
The relation (118) implies that we can replace A 1234 in (130) with any positive number > 0 without changing the value of the right hand side:
By sending to zero, this equation reduces to (117). We will therefore be led to the same conclusion as before.
On formal surface terms
Now, let us study a couple of delicate questions stated in Section 4.2 and Section 4.4: each of them asks whether formal surface terms of the Witten integral vanish when their integrand has some factors of A Ψ 's. Let us assume Ψ = 0 in this subsection for simplicity. 15 On the one hand, a typical formal surface integral which appears in the proof in Section 4.2 is
This quantity is actually zero. Let us consider why it is the case in relation to the behavior of the following function as x approaches the infinity,
If we sent x to the infinity, f (x) decreases as O(x −1− ) with some positive number > 0. This follows from the definition of
Therefore, by integrating (133), we can write the following expression
In other words, we can express A Ψ as a superposition of the wedge states in this case. As a result, we can perform the partial integration as usual
by discarding the surface integral. The same applies to the other formal surface terms appeared in Section 4.2.
An important corollary: the above discussion implies I
Ψ=0 is invariant under the replacement of Ψ T from Schnabl's solution to any other tachyon vacuum solution; in turn, since I On the other hand, the formal expression (83) in this case is given by
We have already seen that this quantity is not zero. This result can be understood by behavior of the following function:
This time, xf (x) does not vanish as x → ∞. Therefore,
B
K cannot be expressed by a superposition of the wedge states, and the formal surface integral can be non-zero without any contradiction:
Concluding remarks
So far, we have studied a series of new gauge invariant quantities in the open string field theory. Calculation with our new formula apparently does not require gauge fixing, which is necessitated to obtain a propagator in the Feynman rule. The conformal map used in our calculation can also be easier depending the choice of Ψ T .
We believe that our results are new and thought-provoking; yet, it would be more appropriate to say that we have excavated a lot of questions we have not understood yet, rather than we have clarified something. The open string field theory seems to have some simple and unexpected structure which we do not fully know yet.
The results of this paper alone cannot be said to achieve the application purpose mentioned in the third paragraph of the introduction, and further research is required. In the following, we will make brief remarks on remaining questions, possible extensions and future works.
2. To write down and study a formula for the off-shell amplitudes.
3. To explore a similar formula for loop amplitudes.
4. To study a similar formula for on-shell disk amplitudes with closed string insertions. This may be related to a question how closed string physics can be described in open string field theory.
6.3 Problems related to numerical study 1. We would like to evaluate I (N ) Ψ numerically, especially for numerical solutions to help to obtain their physical interpretation [46, 47, 48] .
2. In order to perform the above calculation, it is necessary to solve
systematically to obtain the spectrum around the classical solution. When a certain classical solution to (8) is given, it might be possible to obtain such information by sending 'the coupling constant' to small. [54, 55] or what corresponds to the Wilson loop in local gauge field theory.
Miscellaneous problems
2. It might be interesting to study identity based solutions by using I
Ψ . There are many preceding studies to calculate physical quantities for the identity based solutions [56, 57, 58, 59, 60, 61, 62] . As far as we choose the external states appropriately, I
(N ) Ψ will be well-defined even if we take Ψ or Ψ T from these identity based solutions. We would thus be able to calculate I (N ) Ψ without any special manipulation or regularization.
3. It may be suggestive that I (N ) Ψ can be expressed as a formal surface integral (83). It reminds us the works of Ellwood [33] or ErlerMaccaferri [38] . The appearence of B K reminds us an attempt of constructing lump solutions or multi-brane solutions [63, 64, 65, 66] . Furthermore, it also suggests that I Ψ is related to an expression of an on-shell amplitude derived by Sen [37] , which can be transformed into an integral of some function over a lower-dimensional subspace in the moduli space.
. I
(N ) Ψ might be related to the winding number of Hata and Kojita [66] . When the energy can be written as an integer multiple of something, the scattering amplitude is also expected to be so.
4. Although few people may be interested in fattening the Ellwood invariant, the authors consider it an important issue that can have meaning in multiple contexts. This problem can be described as follows:
(a) Construct a non-trivial gauge invariant quantity from O (2) ∈ H which is an element of Q Ψ -cohomology at ghost number two and a classical solution Ψ:
which is invariant under
(b) Prove that it is equivalent to the Ellwood invariant in some sense.
One obvious application is the energy calculation of the identity-based solutions. In another context, the existence of these quantities would support the possibility of interpreting O (2) as a closed string state.
5. There is no doubt that Sen's work [37] played an essential role in our calculations. Meanwhile, whether the same results can be reproduced by using other prescriptions is also an important question. One possibility is to use something similar to the epsilon regularization, which has been studied to regularize classical solutions [63, 64, 65, 66, 38, 67] . In fact, perturbative calculations in [68] were performed in such a way.
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